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Abstract. We prove that any non-Sasakian contact metric (re, ^t)-space admits a canonical ?y-Einstcin 
Sasakian or »7-Einstein paraSasakian metric. An explicit expression for the curvature tensor fields of 
those metrics is given and we find the values of re and fj. for which such metrics are Sasaki-Einstein 
and paraSasaki-Einstcin. Conversely, we prove that, under some natural assumptions, a K-contact or 
K-paracontact manifold foliated by two mutually orthogonal, totally geodesic Legendre foliations admits 
a contact metric (re, /i)-structure. Furthermore, we apply the above results to the geometry of tangent 
sphere bundles and we discuss some topological and geometrical properties of (re, /x)-spaces related to 
the existence of Eistein-Weil and Lorentzian Sasakian Einstein structures. 



1. Introduction 

It is well known that the tangent sphere bundle T\N of a flat Riemannian manifold N carries a contact 
Riemannian structure such that R(X, Y)£ = for any vector fields X, Y on T\N , where the Reeb vector 
field £ is given by twice the geodesic flow. The class of contact metric manifolds satisfying the above 
condition, which were at first studied by Blair in [5], is not preserved by 2?-homothetic transformations. 
In fact, if one deforms 2?-homothetically the structure, one falls in the larger class of "contact metric 
(re, /z)-spaces" , i.e. contact metric manifolds (M, £, ry, g) satisfying 

(1.1) R(X, Y)£ = re (tj (Y) X - V (X) Y) + n( V (Y) hX - r, (X) KY) , 

for some constants re and /i, where 2h denotes the Lie derivative of the structure tensor tp in the direction of 
the Reeb vector field (see §[2] for more details). This new class of Riemannian manifolds was introduced 
in [8] as a natural generalization both of the contact metric manifolds such that R(X, Y)£ = and 
of the Sasakian condition R(X,Y)£ = r/(Y)X — r)(X)Y, Despite the technical appearance of the 
definition, nowadays contact (re, /i)-spaces are considered an important topic in contact Riemannian 
geometry because there are good reasons for studying them. The first is that, while the values re and /i 
vary, one proves that the condition (jl.ip remains unchanged under 2?-homothetic deformations. Next, 
in the non-Sasakian case (that is for re ^ 1), the condition (jl.ll) determines the curvature tensor field 
completely. Furthermore, (re, /x)-spaces provide non-trivial examples of some remarkable classes of contact 
Riemannian manifolds, like CR-integrable contact metric manifolds ([35]), H-contact manifolds ([32]) and 
harmonic contact metric manifolds ([37 ). Finally, there are non-trivial examples of such Riemannian 
manifolds, the most important being the tangent sphere bundle of any Riemannian manifold of constant 
sectional curvature with its standard contact metric structure. 
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In this paper we study the strict relations between the theory of (k, /x)-spaces and other two important 
topics of contact geometry, namely Sasakian and paraSasakian manifolds. In fact, given a non-Sasakian 
(k, /i)-space (M, ip, £, 77, g) we describe a method for constructing a Sasakian or paraSasakian metric on 
M compatible with the same contact form 77. The type of metric (Sasakian or paraSasakian) depends on 
the value of a well-known invariant introduced by Boeckx in 9 in order to classify (k, /i)-spaces, defined 
as 

1-2 

hi — 



More precisely, we are able to define a Sasakian or paraSasakian metric if \Im\ > 1 or \Im\ < 1, respec- 
tively. Moreover, by using the aforementioned property that the (/t, /i)-nullity condition determines 
the curvature completely, we find an explicit expression for the curvature tensor field of the above Sasakian 
and paraSasakian metrics. We obtain from it our main result, that such metrics are always 77-Einstein 
and that for some values of k and \x they are Sasaki-Einstein and paraSasaki-Einstein, though the starting 
(k, /z)-structure can never be Einstein in dimension greater than 3 ( 7, p. 131]). 

In the case \Im\ > 1 such a canonical Sasakian metric is positive or negative according to the sign 
of 1m 1 and by applying a result of Tanno on positive 77-Einstcin Sasakian manifolds, it turns out that 
every contact metric (k, /i)-space such that Im > 1 admits a Sasaki-Einstein metric. Furthermore, we 
prove that in dimension greater than or equal to 5, every (k, /i)-space such that Im > 1 carries also an 
Einstein- Weil structure. 

On the other hand, in the case Im < — 1 we prove that M always admits a Lorentzian Sasakian- 
Einstein structure, that is a Lorentzian metric of signature (1, 2n) such that the Reeb vector field £ is 
time-like and the cone (M x dt 2 + r 2 g) is pseudo-Calabi-Yau with Einstein constant —2n. This 

notion arose in the context of the theory of Killing spinors in Lorentzian geometry (cf. [4], [11]). Recently, 
non-trivial examples of Lorentzian Sasakian-Einstein metrics have been found on the connected sums of 
S 2 x S 3 ([23]). 

We then discuss some consequences of such results on the geometry of tangent sphere bundles, which 
are standard examples of (k, /i)-spaces, and more precisely on the problem of finding 77-Einstein metrics 
on them (recently considered in [JJ , [TU] , [2JJ , [3T] , among others) . We prove that if N is a space form of 
constant sectional curvature c 7^ 1 of dimension n + 1, then in the case c > the tangent sphere bundle 
T\N admits an r;-Einstein Sasakian metric 7?, whose Ricci tensor is given by 

Ric = 2(2ny/c - l)g + 2(-2ny/c + n+ 1)77 <g> 77, 

where 77 is the standard contact form on T\N determined by twice the geodesic flow. It follows that if 

1/ r 2 



< L2 > 

and dim(TV) > 2 then ~g is Sasaki-Einstein. By applying a suitable 2?-homothetic deformation, it follows 
from the above result that in dimension greater than or equal to 5 the tangent sphere bundle of every 
space form of positive sectional curvature carries a Sasaki-Einstein metric. This extends the result of 
Tanno that T\S Z ~ S 2 x S 3 carries a Sasaski-Einstein metric (more recently, other Sasaki-Einstein metrics 
have been defined on S 2 x S 3 , see [TU Chapter 11] and references therein). 

The right-hand side of (|1.2[) plays a role also in the context of Weil structures. In fact, we prove that 
TiN admits both the Einstein- Weil structure W + = (g', 9) and W = (<?', -9), for some 1-form 9, where 
g' is a Sasakian metric P-homothetic to g, and if c is strictly greater than the right-hand side of (|1.2[) 
then g' belongs to the conformal class of g. 

Meanwhile, in the case c < 0, T\N admits an 77-Einstein paraSasakian metric 5 with Ricci tensor 



Ric = (-An^f^c + 3)5 + (4nV = c - 2ti - 3)77 <g> 77 
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which is Einstein if and only if 




Again by applying a suitable 2?-homothetic deformation, it follows that, provided that c 7^ — 16 ^ 2 , T\N 
carries a paraSasakian-Einstein metric. Moreover, by using a result of Blair ([B]), such paraSasakian 
structures turn out to be never regular, provided that N is compact. 

To the knowledge of the authors, the above paraSasakian structures appear to provide the first non- 
trivial examples of 77-Einstein (eventually Einstein) paraSasakian manifolds. In fact, while there has been 
an increasing interest in last years in paraSasakian geometry (see [3], [25j . |38|), so far the only known 
examples of Einstein paracontact manifolds seem to be the hyperboloid H^_"^ 1 (l) of constant curvature 
— 1 ([25]) and Rf with the flat metric ([39]). Moreover no explicit example of 77-Einstein paraSasakian 
manifold were known. 

Finally, in the last part of the paper we will give a geometric interpretation to the above canonical 
Sasakian and paraSasakian metrics. It is well known that any non-Sasakian (k, 7*)-space is foliated by two 
Legendre foliations, defined by the eigendistributions of the operator h, and that such a foliated structure 
plays an important role in the theory of (k, /j)-spaces (cf. [16], [H]). We show that the geometry of these 
Legendre foliations, encoded by some invariants like the Pang invariant ( [30j ) and the Libermann map 
([27]). is fully described by the above Sasakian and paraSasakian metrics. In this way we are able to find 
a sufficient condition for a K-contact (respectively, K-paracontact) manifold M, foliated by two mutually 
orthogonal, totally geodesic Legendre foliations, to admit a contact metric (k, /z)-structure, compatible 
with the same underlying contact form, such that \Im\ > 1 (respectively, \Im\ < !)• 

2. Preliminaries 

2.1. Contact metric (k, /i)-spaces. An almost contact structure on a (2n + l)-dimensional smooth 
manifold M is simply a triplet (ip, £, 77), where ip is a tensor field of type (1, 1), r\ a 1-form and £ a vector 
field on M satisfying the following conditions 

(2.1) <p 2 = -i + v®t;, »7(0 = 1, 

where I is the identity mapping. From (|2.1[) it follows that tp(, ~ 0, r\ o ip — and the (l,l)-tensor 
field <p has constant rank 2n ([7]). Given an almost contact manifold (M, (/?,£, 77) one can define an 
almost complex structure J on the product MxKby setting J (A, f4f) — (<pX — /£, 77 (A) ^) for any 
A 6 T (TM) and / G C°° (M x R). Then the almost contact manifold is said to be normal if the almost 
complex structure J is intcgrable. The condition for normality is given by the vanishing of the tensor 
field N v := [ip, tp] + 2<k] (8 £■ 

Any almost contact manifold (M, ip, £, rf) admits a compatible metric, i.e. a Riemannian metric g 
satisfying 

(2.2) g (ipX, cpY) = g (A, Y) — r] (A) 77 (Y) 

for all A, Y G T (TM). The manifold M is said to be an almost contact metric manifold with structure 
(</?, £, n, g). From (|2.2[) it follows immediately that 77 = <?(•,£) and g(-,(p-) = —g(tp-,-). Then one defines 
the 2-form $ on M by $ (A, Y) — g (A, ipY), called the fundamental 2-form of the almost contact metric 
manifold. If $ = drj then 77 becomes a contact form, with £ its corresponding Reeb vector field, and 
(M, ip, £, r\, g) is called a contact metric manifold. 
In a contact metric manifold one has 

(2.3) V£ = -(p-(ph 

where V is the Levi-Civita connection of (M, g) and h denotes the (1, l)-tensor field defined by h := \C^<p. 
The tensor field h is symmetric with respect to g and vanishes identically if and only if the Reeb vector 
field £ is Killing. In this last case the contact metric manifold is said to be K-contact. A normal contact 
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metric manifold is called a Sasakian manifold. Any Sasakian manifold is K-contact and the converse 
holds in dimension 3. 

If the Ricci tensor of a contact metric manifold has the following form 

(2.4) Ric = ag + brj^rj 

for some functions a and b, we say that M is 77-Einstein. It is known that if M is Sasakian and dim(A/) > 5, 
then a and b are necessarily constants. This notion appears to be a good generalization of the concept of 
Einstein metrics in the context of contact Riemannian geometry. Many interesting geometric properties 
of rj- Einstein metrics are presented in the recent paper |13j . 

Given a positive constant c > 0, a V ' c -homothetic deformation on a contact metric manifold (M, p, £, 77, g) 
is the change of the structure tensors of the following type 

(2.5) w' := ip, £':=-£, rl := en, g' := eg + c(c— l)n® ry. 

c 

Then (ip' ,rj' , </) is again a contact metric structure on M. 

A recent generalization of Sasakian manifolds is the notion of contact metric (k, fi)-space ([5])- Let 
(M, ip, £, rj, g) be a contact metric manifold. If the curvature tensor field of the Levi-Civita connection 
satisfies 

(2.6) R(X, Y)£ = K(r](Y)X-rj (X) Y)+n(rj (Y) hX - rj (X) hY) , 

for some k, ji £ K, we say that (M,ip,^,g, g) is a contact metric (k, fi)-space (or that £ belongs to the 
(k, /i)-nullity distribution). This definition was introduced and deeply studied by Blair, Koufogiorgos and 
Papantoniou in [5]. Among other things, the authors proved the following result. 

Theorem 2.1 ([8 ). Let (M , ip, £, 77, g) be a contact metric (k, fx)- space. Then 

(2.7) h 2 = -(l- K )p 2 , 

so that necessarily k < 1. Moreover, if k — 1 t/ien ft, = and (M,ip,£,T),g) is Sasakian. If k < 1, /jfte 
contact metric structure is not Sasakian and M admits three mutually orthogonal integrable distributions 
fft(0) = T>h(X) andT>f l (—X) given by the eigenspaces of h corresponding to the eigenvalues 0, A and 
— A, where A = \/l - k. 

The same authors also proved the following formulas for the covariant derivatives of the tensor fields 
ip, h and tph ([8]): 

(2.8) (V X <P)Y = g (X + hX, Y) £ - r) (Y) (X + hX) , 

(2.9) (V x h)Y = ((1 - n)g{X, ipY) - g(X, <phY))£ + g(Y)h(ipX + tphX) - m (X)phY, 

(2.10) {V x ph)Y = (g(X, hY) - (1 - k) 9 (X, ip 2 Y))^ + g(Y)(hX - (1 - n)p 2 X) + m (X)hY. 

Notice that while P-homothetic deformations preserve the state of being contact metric, K-contact, 
Sasakian or 77-Einstein, they destroy conditions like R(X,Y) = or R(X, Y)£ = k(g(Y)X — g(X)Y). 
However, they preserve the class of contact metric (n, /i)-structures. Indeed, if (ip, ^, 77, g) is a (k, fj,)- 
structure then the deformed structure (ip', r{ , g') is a («', //)-structure with 

(2.11) K = 5 , [I = . 

c z c 

In [5] Boeckx provided a local classification of non-Sasakian (k, /i)-space based on the number 

1 _ E 
j x 2 



which is an invariant of a contact metric (k, /i)-structure up to 2?-homothetic deformations. He proved 
that two non-Sasakian contact metric (k, /i)-spaces (Mi, ^1,^1,771,31) and (M2, (/?2, C2, ^2, 52) are locally 
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isometric as contact metric manifolds, up to P-homothetic deformations, if and only if Im ± = Im 2 ■ A 
geometric interpretation of the invariant 1m and of the Boeckx's classification was recently given in [16] . 

The standard example of contact metric (k, /i)-spaces is given by the tangent sphere bundle T\N of a 
manifold of constant curvature c ^ 1 endowed with its standard contact metric structure. In this case 
k = c(2 — c), fi = —2c and ItiN = r~i ■ Other examples are given by certain Lie groups defined by 
Boeckx in [9] . 

We conclude the subsection by recalling the following formula for the Lie derivative of the operator h 
in any non-Sasakian (ft,/i)-space (cf. [20] Lemma 4.5]) 

(2.12) £ s /i = (2 - n)<ph + 2(1 - K)<p. 

2.2. Paracontact geometry. An almost paracontact structure (cf. [26 ) on a (2n + l)-dimensional 

smooth manifold M is given by a (1, l)-tensor field tp, a vector field £ and a 1-form ij satisfying the 
following conditions 

(i) ??(£) = 1, p 2 = I-ti®£, 

(ii) the eigendistributions T> + and V~ of tp corresponding to the eigenvalues 1 and —1, respectively, 
have equal dimension n. 

As an immediate consequence of the definition, one has that tp£ = 0, rj o tp = and the field of 
endomorphisms tp has constant rank 2n. As for the almost contact case, one can consider the almost 
paracomplex structure on M x K defined by j(X,ff t ) = (tpX + f£,n(X)f t ), where A is a vector field 
on M and / a C°° function on M x R. By definition, if J is integrable the almost paracontact structure 
(ip, £, 77) is said to be normal. The computation of J in terms of the tensors of the almost paracontact 
structure leads us to define a tensor field of type (1, 2) given by := [tp, tp] — 2drj <g) £. The almost 
paracontact structure is then normal if and only if vanishes identically (cf. [38]). Normality in 
paracontact geometry has the following geometric interpretation. 

Theorem 2.2 ([15]). An almost paracontact manifold (M,tp,^,r]) is normal if and only if the eigendis- 
tributions T> + and T>~ of tp corresponding to the eigenvalues ±1 are integrable and the vector field £ is a 
foliated vector field with respect to both the foliations. 

If an almost paracontact manifold is endowed with a semi-Riemannian metric g such that 

(2.13) g@X, pY) - -g(X, Y) + r)(X)r)(Y) 

for all A, Y G T(TM), then (M,tp,^,r],'g) is called an almost paracontact metric manifold. Notice that 
any such a semi-Riemannian metric is necessarily of signature (n,n + 1) and the above condition (ii) 
of the definition of almost paracontact structures is automatically satisfied. Moreover, as in the almost 
contact case, from (12.131) it follows easily that 77 = g(-,t;) and g(-,p-) — ~g(ip-, ■). Hence one defines the 
fundamental 2-form of the almost paracontact metric manifold by $(A, Y) = g(X,tpY). If dr\ = $, r\ 
becomes a contact form and (M, tp, £, rj, g) is said to be a paracontact metric manifold. 

On a paracontact metric manifold one defines the tensor field h := ^C^tp. It was proved in [38] that h 
is a symmetric operator with respect to <?, it anti-commutes with tp and it vanishes identically if and only 
if £ is a Killing vector field and in such case (M, tp, £, 77, g) is called a K-paracontact manifold. Moreover 
the following identity holds: 

(2.14) V£ = -lp + !ph. 

A paracontact metric manifold is said to be integrable, or para-CR, if the following condition is satisfied, 
for any A, Y e T(TM), 



(2.15) 



(Vxp)Y = n(Y)(X - hX) - g(X - hX, Y)£. 
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A normal paracontact metric manifold is said to be a paraSasakian manifold. Also in this context the 
paraSasakian condition implies the K-paracontact condition and the converse holds in dimension 3. In 
terms of the covariant derivative of tp the paraSasakian condition may be expressed by 

(2.16) (y x <p)Y = -g(X,Y)£ + Ti(y)X. 

Clearly, for K-paracontact manifolds the notion of integrability coincides with that of being paraSasakian. 
An equivalent definition of paraSasakian manifolds is presented in [3] in terms of pseudo-Riemannian 
cones. Standard examples of paraSasakian manifolds are the hyperboloid 

K+i'W = {(so, I/O, • • .,Xn,y n ) € K 2 "+ 2 I xl + . . . + x 2 n - yl - . . . - yl = 1} 

and the hyperbolic Heisenberg group H 2n+1 = M 2n x R with the structures defined in [25]. Furthermore, 
let us recall that a notion of 77-Einstein metric and 2? c -homothetic deformation can be introduced also 
in paracontact metric geometry ( 38 ). The definition is the same as the one given in (|2.4[) and (|2.5[) for 
contact Riemannian manifolds, with the only change that the constant of homothety c can be now any 
non-zero real number since the metric does not need to be positive definite. 



3. The main results 

There is a strict relationship between the theory of contact metric (k, /z)-spaces and of paracontact ge- 
ometry, as shown in [18] and |20j . In fact, given a non-Sasakian contact metric (k, /i)-space (M, ip, £, 77, g), 
one can define in canonically two integrable paracontact metric structures on M, (</5i,£,?7, <?i) and 
(p2j£,,Vi 92), which are compatible with the same underlying contact form and Reeb vector field as 
the (K,/i)-space M. They are defined by 

(3.1) £1 := -j^=(ph, 51 := —^=g{-,h-) +77(8)77, 

V 1 K V 1 — K 

(3.2) tp 2 := —t=h, g%:= . — =g(-,<ph-) + 77 ® 77. 

V 1 K Vl-K 

The curvature tensor fields of such paracontact metric structures, in turn, satisfy a nullity-like condition 
Ra (A, Y)£ = K a {r){Y)X - V (X)Y) + Jl a ( V (Y)h a X - V (X)h a Y), 

where Ki = (l - f ) - 1, j£ti = 2 (l - V^~~k) and k 2 = k - 2 + (l - ^) 2 , ft 2 = 2. 
By (|2.12p one can prove that 

(3.3) hi = -I M h. 

Hence, being integrable, the paracontact metric structure £, ?7,£/i) is paraSasakian if and only if 
Im = 0. Whereas for no value of k and \i (^2, ?7,52) is paraSasakian. Now we prove a much stronger 
result. 

Theorem 3.1. Let (M, £, 77, g) be a non-Sasakian contact metric (k, /i)- space such that Im 7^ ±1- 
(i) IJ\Im\ > 1; then M admits a Sasakian structure, compatible with the contact form r\, given by 

(3-4) ^ : ^ e T, n ,, n \? tt\ a M hoh i g-=-dv(;(l>-)+V®V: 

(1 - k)^(2-/j) 2 -4(1 -4k) 

where 

1 if Im > 1 



r : = 



-1 ifI M <~l 
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(ii) // \Im\ < 1, then M admits a paraSasakian structure, compatible with the contact form r\, given 
by 

(3.5) 4> : =T, s 1 ? 77, , 2 £ Z hoh > g-^drii-^^+v^r,. 

(1-k) v /4(1-k)-(2-^) 2 

Proof. By formula (|2.12l) . using (12.71) and the anti-commutativity of ip and h, one has that 

(3.6) £ i hoh= (1- k)((2- fi)(p + 2(ph). 



Hence 



{C^h o h) 2 = (2 - Ai) 2 (l - k) V + 4(1 - K,) 2 <ph<ph + 2(2 nfpph 
+ 2(2 - /i)(l - nfiphip 
= (2 - M ) 2 (l - k)V - 4(1 - n) 2 p 2 h 2 
= (l-«) 2 ((2- M ) 2 -4(l- K )V 2 . 



Therefore (C^h o h) 2 = \ 4 a(—I + r\ ® £), where we recall that A = \J\ — k and we have put a := 
(2 — /.t) 2 — 4(1 — k). Consequently, if a > then </> :— e-^-^C^h o h defines an almost contact structure 

and if a < then <p '■= A ^_ a £gfoo/t satisfies the first of the two conditions defining an almost paracontact 
structure. Notice that, since k < 1, a > if and only if \Im\ > 1. 

(i) Let us assume that \Im\ > 1- We firstly show that is a normal almost contact structure. Just by 
using the definition of the tensor field N^, one can prove that for any almost contact structure (0, 
(same contact form and Reeb vector field as (ip, £, 77, g)) the following identity holds 

(3.7) N^X, Y) = (V x0)F - (y+YflX + {Vx4>W - (Vy0)0X - r!{Y)Vxi + v(X)V Y ^ 

where V is the Levi-Civita connection of the Riemannian metric g (notice that it is not required that the 
almost contact structure (</>,£, f?) is compatible with <?). By (I3.6[) we have that 

(3.8) $ = e-$=((2-ii)tp + 2<ph), 
so that by (13.71) we find 

N$(X,Y) = (2 ~ M) V y x^)y + 2(2 ~ ^ (V vh x<p)Y + 2(2 ~ M) (V yX ^)y + -& V Hx<ph)Y 
v a a a a 

(2 _ ^ )2 -(V vY p)x - ^—A{v vhY p)x - ^—A {V iph)x _ i(y vhY iph)X 

a a a 

2(2 - a) 2(2 - u) 4 

V7 x <p)<pY + — —{V x p)phY + -i ^-{V x <ph)ipY + -P7 x <ph)<phY 

a a a 

{V Y p)pX - 2 ( 2 ~^) (xjy^hX - 2 ( 2 ~^) (y Yip h)ipX - ~(V Y iph)iphX 
a a a 

(3.9) -v(Y)Vx£ + v(X)VyZ- 

Then taking (12.31) . (12.9[) and (I2.10P into account, and using (|2.7I) and the anti-commutativity of ip and ft-, 
after very long computations one can prove that (I3.9[) reduces to 

Nf{x , Y) _ (1- + «!2zi0 _ «! + «*) ( „ (1>x _ „ m , F) 

(3.10) + f 1 + - li 2 -^ + ^ + 2 ^ 2 -^ ) - ,(x)^y) . 

V a a a a I 





a 


(2 






a 


(2 


-M) 2 


a 



s 
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By substituting the values of A and a in p.lOj) one can check that in fact Nz(X, Y) — 0. Next we prove 
that the tensor g in (|3.4[) defines a Riemannian metric compatible with the almost contact structure 
(</>, £,77) and such that dr\ — g(-, (p-). Firstly notice that from p. 41) and p. 61) it follows that 

9(X, Y) = e 1 == === ((2 - n)g(X, Y) + 2g(X, hY)) 

^(2 - /i) 2 - 4(1 - k) 

(3-11) +[l-e^= J^ )r,(X)r,(Y), 

V V(2 - M) 2 - 4(1 - k) / 

where 

1 if 7 M > 1 
-1 if/ M <-l 

Since /i is a symmetric operator with respect to the Riemannian metric g 7 by (|3.11|) we see immediately 
that g is a symmetric tensor. Next we prove that it is positive definite. First, by the very definition of 
g, one has that <?(£,£) = 1. Moreover, for any non-zero tangent vector field X £ T(T>), one has by (|3.6j) 
that 

9{X, X) = e 1 _= ((2 - rfg{X, X) + 2g(X, hX)) . 

VP - M) 2 - 4(1 - k) 

We can distinguish two cases: X £ T(T>h{X)) or X E T(T>h{— A)). In the first case we obtain 



v/(2-^-4(l-«)^ 

The above formula implies that g(X, X) > 0, since (2 — /1) + 2^/1 — k is always positive when Im > 1 
and negative when Im < — 1, the same as e. The other case X G T(T>h(— A)) is similar. It remains to 
be seen that g is an associated metric, that is drj(X, Y) = g(X,<j>Y) for all I,y 6 T(TM). Indeed by 
the definition of g and by the property of 4> of defining an almost contact structure we have g(X, 4>Y) — 
-dr,(X, 4?Y) + r,{X)r,$Y) = -dr,(X, -Y + r,(Y)Qj= d V (X, Y) + r,{Y)d v {X, £) = d V (X, Y). 
(ii) Now let us assume that \Im\ < 1. In this case cj> is given by 

(3.12) 4>= — =((2 - fi)tp + 2(ph) 

J— a 



and the tensor g by 

(3.13) g(X, Y) = ((2 - fi)g(X, Y) + 2g(X, hY)) + (l+ ^=== I rj(X)rj(Y). 



Equation (|3.13j) easily implies that g is a symmetric tensor. Moreover, one can prove as in the case (i) that 
dr)(X, Y) = g(X, cf>Y) for any X, Y e T(TM). This last condition, together with 2 = / - 77 ® £, implies 
that g(4>X,(j>Y) — —g(X,Y) + r)(X)i](Y). Thus g is a semi-Riemannian metric of signature (n,n + 1) 
and (<p, £, 77, g) is a paracontact metric manifold. So, once we have proved that the structure ((/>, £, 77) is 
normal, we would have proved that (M,<p,^,rj,g) is a paraSasakian manifold. In order to do that, we 
will check that the almost paracontact structure ((f), £, 77) satisfies the conditions of Theorem 12.21 First 
we prove that the eigendistributions T> ± are integrable. Let X, X' g T(T> + ), i.e. <pX = X, <f>X' = X' 
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Then we have 

4[x,x'] 



2 ~~ ,1 =<p[X,X'] + -£=<ph[X,X'] 



2 - fj, 

y— a 
2-/i 

\f—a 
2 



ipVxX' - ^j^ipVx'X + -^=tphV x X' - -^=(phV X 'X 



, 2 — u , , 2 — u 

V x tpX' - -=^(V X ^)1' - -=Lv x ^x 



V ~~ ot 
2- fi 

J — a 



-XlxyhX' - -jL=(V x <ph)X' - -jL=V x ><phX + -J=(V x><ph)X 



= V 



A 



Q 

2-/i 
a/— a 



=<^X' - V 



X' 



— a 
2- (i 
■J— a 



ipX 



-.iphX 



-a 



-a 



:{Vx"ph)X. 



Thus by using (J2l| and (|2~T0)) we get 



[X, X'] = V x 0X' - V x - ?-=£g{X + hX, X')£ + ^j=^g(X' + hX', X)£ 



2 : ( 5 (x, hx'){ + (i - K) fl (x, + -^= (<?(x', + (i - k)<?(x', x)0 



= V X X' - V r l 
= [X,X']. 

Hence [X, X'] 6 T(D + ) and we conclude that T> + is an integrable distribution. It remains to be seen 
that £ is a foliated vector field with respect to the foliation defined by 2? + , i.e. [£,X] 6 r(2? + ) for any 
X e T(T> + ). By using (j2~3)l . V ? </? = and V^/i = /i/i we have 



2-/i 



y— a 
2-/i 



<^V 5 X- 



'—a 
2 



zcphV^X + (ptpX + 4>tphX 



2-/i 2 



(3.14) 



—a 
2-/i 



<p z hX- 
<pX 



-a 
2 



2u 

V^/iX - —^=hX 



— P " 



ziphtpX 



'—a 
2 



-a 



iphiphX 
-jphXj 



a u — 2k 
-¥=hX + h , X. 



On the other hand, ^J=bX + - 

V — ct ' 

-ji=hX - ^2*X. So that (j3~14)) becomes 



<p/iX = 0X, and one can check that V^ x £ 



-ip<f>X — iph<f>X 



X] = V^X - V^C - V C X - Vx£ = [£, X], 

that is [£, X] € r(2? + ). The same also arguments work for T>~ . Therefore, by Theorem 12.21 we conclude 
that the paracontact metric structure (</>, £, 77, g) is normal and hence paraSasakian. □ 

Remark 3.2. One can see that the metrics stated in Theorem 13.11 extends the Riemannian metrics intro- 
duced, in a different context, in [18] and 120) . 
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Remark 3.3. It is interesting to notice that the metrics g and g are invariant under 2?- nomothetic de- 
formations. Indeed let us apply a I? c -homothetic deformation (|2.5|) to the non-Sasakian contact metric 
(k, /j)-space (M, 77, g), for some c > 0. Then we obtain a new contact metric («;', //)-structure 
(ip 1 , ,rf , g') on M, with k' and // given by (|2.1ip and the same Boeckx invariant as {<p,£,r),g)- Thus 
(ip' , 77', g') in turn satisfies the assumptions of Theorem l3 . 1 1 and admits a Sasakian structure {<p' , rj ,g') 
or a paraSasakian structure (<fi', Crf,])') according to the circumstance that \Im\ > 1 or \Im\ < 1, re- 
spectively. Let us assume for instance that \Im\ > 1. Since /i' = -h and a straightforward computation 
shows that a' = (2 - /j') 2 ~ 4 (1 - «') = ^-a, from (j3~B it follows that 



Moreover, due to <?'(•, </>'■) = ^77', one easily proves that g' = cg+c{c—l)rj®ri. Thus the Sasakian structure 
(<j/, 77', 5'), associated via Theorem 13.11 to the (k, /j)-space ((p' ,T]' , g'), is nothing but the structure 
2? c -homothetic to the Sasakian structure (<fi,£,r),g). The same arguments work in the case \Im\ < 1- 

We will now calculate the curvature tensor of the Sasakian and paraSasakian manifolds that appear 
in the previous theorem, which we will show to be always 77-Einstcin. 

Theorem 3.4. Let (M,tp,£,r), g) be a non-Sasakian contact metric (k, \x)-space such that Im 7^ ±1- 

(i) If \Im\ > 1 then the Levi-Civita connection of the Sasakian structure (M,<f>,£,T),g) defined in 
(|3.4I) relates to the original one the following way: 



<p' = e— L ((2 - n')(p' + 2<p'ti) = e-= ((2 - fi)<p + 2<ph) = 4>. 




(3.15) 




where, as in the previous theorem, 




1 ifI M >l 
-1 ifI M <-\ 



Moreover, its curvature tensor has the form 



R(X, Y)Z = t\(g{Y, Z)X - g(X, Z)Y) 



(3.16) 




1 (g(X, m'W - g(Y, 0Z)0X + 2g(X, ^Z) 



1 (v(X) V (Z)Y - V (Y)v(Z)X + g(X, Z) V (Y)£ - g(Y, Z) V (X)Z) 



(g(hY, Z)hX - g(hX, Z)hY - g(KY, 4>Z)4>hX + g(hX, (j)Z)(j)hY) . 



The Ricci tensor of M 2n+1 



is 



(3.17) 



Ric = (eny/a — 2)g + (~eny/a + 2n + 2)rj ® 77 



and therefore the Sasakian structure is always rj-Einstein. 
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(ii) //|/m| < 1 then the paraSasakian structure (M,4>,£,r),g) defined in (|3.5[) has the following Levi- 
Civita connection: 

V X Y =V X Y + ( 1 - {ri{Y)<pX + ri(X)tpY) 



(3-18) , 2 



1 - -j= (v(Y)tphX + v(X)(phY) - g(X, iphY% 
\/—a 



Furthermore, the curvature tensor can be written as 



\/ — ot 

R(X, Y)Z = -V—Q(Y, Z)X - g(X, Z)Y) 



2 



- - 1 ) (g(X, ^Z)4>Y - g(Y, <j>Z)<f>X + 2g{X, 4>Y)cpZ) 



(3.19) 

- lj (v(X)n(Z)Y - v(Y)v(Z)X + g(X, Z)rj(Y)Z - g(Y, Z) V (X)$ 

- n/ \ (g(hY, Z)hX - g(hX, Z)hY + g(hY : 4>Z)4>hX - g(hX, 0ZUhY) . 
2(1 — k) \ 1 

The Ricci tensor of M 2n+1 is 

(3.20) ^ = {-n^/^ + 3)g + (n^/^a - 2n - 3)-n ® -n 

and therefore the paraSasakian structure is always rj-Einstein. 

Proof, (i) Bearing in mind that V is a Levi-Civita connection, we can use Koszul's formula and deduce 

2g(WxY, Z) = Xg(Y, Z) + Yg(X, Z) - Zg(X, Y) + g([X, Y]Z) + g([Z, X],Y) — g([Y, Z],X) = 

2(2 -n) 



/a 



-g(yxY,z) 



2(1- e 2 -^- ) (niZMVxY) + v(Y)g(X, <pZ) +v(X)g(Y, <pZ) - r](Z)g(X, <phY)) 



+ (Xg(Y, hZ) + Yg(X, hZ) - Zg(X, KY) + g([X, Y],hZ) + g([Z, X],Y) - g{[Y, Z],hX)) . 
Va 

As V<? = and equation (|2.9I) holds, we obtain that 

Xg(Y, hZ) + Yg(X, hZ) - Zg(X, KY) + g([X, Y],hZ) + g([Z, X],Y) — g([Y, Z],hX) = 
=2g{V x Y, hZ) + 2(1 - K )(r)(X)g(Y, <pX) + r){Y)g(X, ipZ)) 

+ (jx - 2) V (Z)g(X : V hY) - ^(v(X)g(Y, V hZ) + V (Y)g(X, tphZ)), 
which substituting in the previous equation, and using (I3.11[) , gives us that 



2g(V x Y, Z) =2g{V x Y, Z) + 2 I 1 + e^-^ ) (v(Y)g(X, <pZ) + v(X)g(Y, cf>Z)) 



(3.21) 



2r,(Z)g(X, cf>hY) - e^(r,(X)g(Y, <phZ) + r,(Y)g(X, <j>hZ)). 
Jo. 



We recall now that r\ is the contact form of both structures, so g(X,tpY) — dr)(X,Y) — g(X,<pY) and 
g(Y,4>hZ) — —g(hY,<fiZ) is deduced. Substituting both formulas in (|3.2ip . it follows that 

V X Y =V X Y +(l + e^-^] (v(Y)^X + n(X^Y) 



g(X, cj>hY)Z - e-^(r,(X)$hY + n{Y)4>hX). 



12 B. CAPPELLETTI MONTANO, A. CARRIAZO, AND V. MARTIN-MOLINA 

This last equation together with (|3.8[) gives us (|3.15p . 

As R is a Riemannian curvature tensor, using equations (|2.8p and (|2.10p we obtain after long compu- 
tations that 

R[X, Y)Z = R(X, Y)Z + (l - f^j=f^ {9(X, <fZ)<pY - g(Y, <pZ)<pX + 2g(X, <pY)<pZ) 
+ g(Y, tphZ)ipX - g(X, iphZ)tpY 

1 - e-^= ) (gUpY, Z)iphX - g(<pX, Z)iphZ + 2g(X, tpY)tphZ) 

+ (1 - K )(ri(Y)ri(Z)X - r,(X)ri(Z)Y) +(k- e^J^j (v(Y)g(X, Z)£ - r,(X)g(Y, Z)£) 

(3.22) - fi(r,(Y)r,(Z)hX - v (X) v (Z)hY) + ^ - £ Aj ( V (Y)g(X, hZ)Z - v(X)g(Y, hZ)£). 

On the other hand, we know from [9] that the curvature tensor of a non-Sasakian contact metric (k, fi)- 
space is 



R(X, Y)Z = (l - f ) (g(Y, X)X - g(X, Z)Y) 



- |(.g(X, v Z)<pY - g(Y, ipZ)yX + 2g(X, <pY)<pZ) 

+ ( 1 ~2~ K ) ^(X)V(Z)Y - V (Y)v(Z)X + g(X, Z) V (Y)£ - g(Y, Z) V (X)0 
+ g(Y, X)hX - g(X, Z)hY + g(hY, X)X - g(hX, Z)Y 

1 ^— K ^~ 

+ -—*.(g(hY,X)hX - g(hX, Z)hY) + -—l(g(<phY, X)iphX - gUphX, Z)<phY) 

1 — K 1 — K 

(3.23) + (1 - fi)(ri(X)Ti(Z)hY - V (Y) V (Z)hX + g(hX, Z) V (Y)£ - g(hY, Z) V (X)Z). 



Therefore, substituting in Q3.22p gives us 

R(X, Y)Z = (l - f ) (9(Y X)X - g(X, Z)Y) 



1 - - t \ ( g (X, <pZ)<pY - g(Y, <pZ) 9 X + 2g(X, V Y)^Z) 



- ±(n(x)n(Z)Y v(Y)v(z)x) + - (g(x, z) v (Y)z - 9 (y, z) v (x)0 

+ g(Y, X)hX - g(X, Z)hY + g(hY, X)X - g(hX, Z)Y 
1 — H 

+ -igihY, X)hX - g(hX, Z)hY + gUphY, X)iphX - gUphX, Z)iphY) 

1 — K 

+ n{X)n{Z)hY - V (Y)r,{Z)hX e-^j (g(hX, Z) V (Y)t - g(hY, Z) V (X)0 

+ (l - e-^Jj (g(<pY, Z)<phX - g(<pX, Z)iphZ + 2g(X, tpY)tphZ) 
+ g(Y, (phZ)ipX - g(X, tphZ)ipY 

Thus by using flU]) and (|3TT|) we get (|37T6]) . 

We will finally compute the Ricci tensor, for which we will construct an orthonormal basis with respect 
to the structure (M, (j>, £, 77, g). Let us take a ^-basis {Xi, Yi = tpXi,£}, i = 1, . . . , n, such that Xi £ T>h(X) 
(and therefore Yi £ T>h{— A)), which always exists because (M, cj), £, 77, g) is a non-Sasakian contact metric 
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(3.24) X t = -Lx i} Y t = yfyYi, 

where 7 = e 2 ~^i 2A . Notice that 7 > because by assumption > 1 and that we can write ^ = 
e 2 ~^Z 2A , Thus {Xi^Y^Cs is a 0-basis with Xj € P h (A) and F, e P ft (-A). By the definition of the Ricci 
tensor, we have that 



(3.25) Ric(X, Y) = ^2(g(R(X, Xi)X h Y) + g(R(X, YJY^Y)) + g(R(X, Y). 

Using formula (I3.16[) . we can now compute 

g(R(X,Xi)Xi,Y) = e ^-g(X,Y) - (e^- - V (X) V (Y) + e^g(hX,Y) 

- ey/ZgfrXJg&uY) + {e^fa- 3)g(X,Yi)g(Yi,Y), 

g(fi{X,Y~i)Yi,Y) = e^g(X,Y) - (e^ - l) - e^g(hX,Y) 

+ (ey/a-3)g{X,Xi)g(Xi,Y) - ey/ag(X,Yi)g(Yi,Y), 
g(R(X, Y) = g(X, Y) - V (X)v(Y), 

which substituting in (|3.25[) gives us p,17[) . 

(ii) As in the previous case, we use Koszul's formula, Vg = and the equation (|2.9j) . which gives us 

2g(V x Y, Z) = Xg(Y, Z) + Yg(X, Z) - Zg(X, Y) + g([X, Y]Z) + g([Z, X], Y) — g([Y, Z],X) 
= 2g(V x Y, Z) + 2 ( 1 + ^H_£] ( v (Y)g(X, V Z) + v(X)g(Y, <pZ)) 



-a 

2rj(Z)g(X, <phY) + J^( v (X)g(Y, cphZ) + V (Y)g(X, <phZ)). 



As r\ is also the contact form of the paraSasakian structure, we have that g(X, ipY) = dr/(X, Y) — g(X, <f>Y) 
and g(Y, 4>hZ) = —g(hY, <f>Z). Substituting both formulas in the previous one and using that g is a non- 
degenerate metric, it follows that 

V X Y =\7 X Y -fl + (j)(Y)(fx + V (X)^Y) 



g(X, <t>KY)£ + -^={ri{X)4>hY + r}[Y)(j)hX). 



This last equation together with p. 121) gives us (|3.18|) . 
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Equations p,15|) and (|3.18[) only vary in the sign of a, hence the first computations barely change 
(except in the sign of a) and we get after some more computations that 

R(X, Y)Z = R(X, Y)Z + ( 1 - ) (g(X, <pZ)<pY - g{Y, ipZ)ipX + 2g(X, <pY)ipZ) 



-a t 

+ g(Y, tphZ)ipX - g(X, iphZ)ipY 

1 - -jLJ) Z)tphX - g(<pX, Z)<phZ + 2g(X, <pY)<phZ) 



(I + n,/(Zi.Y - //(.Yi//(Z)V) - ( k- ^=£j (rj(Y)g(X, Z)£ — rj(X)g(Y, Z)£) 
(3.26) - fi(r](Y)r](Z)hX - v (X)ri(Z)hY) + I /x — -jL=) (v(Y)g(X, hZ)Z - v(X)g(Y, hZ)£), 



-o 

which bears a remarkable similarity to p. 221) . Substituting formula (|3.23l) in (I3.26|) gives 

R(X, Y)Z = (l - f ) (g(Y, X)X - g(X, Z)Y) 

A 
2 

(2 - I) (v(X) V (Z)Y V (Y)V(Z)X) + (l - lz| - |) (g(X, Z) V (Y)Z - g{Y, Z)r,(X)$ 

+ g(Y, X)hX - g(X, Z)hY + g(hY, X)X - g(hX, Z)Y 
1 _ a 

+ - -(g{hY, X)hX - g(hX, Z)hY + g(iphY, X)iphX - gUphX, Z)tphY) 

1 — K 

+ V (X) V (Z)hY - V (Y) V (Z)hX -jL=) (g(hX, Z) V (Y)£ - g(hY, Z) V (X)0 



1 - ^ - £ ) (g(X, <pZ)<pY - g(Y, <fZ)^X + 2g(X, <pY)<pZ) 



1 - — = ) (g(<pY, Z)iphX - g(<pX, Z)tphZ + 2g(X, ipY)iphZ) 



— OL, 

+ g(Y, V hZ)^X-g(X, l phZ)^Y. 
Hence p,19|) is obtained after using p.!2|) and ()3 . 13f) . 

It remains to be proved the formula of the Ricci tensor. As in the previous case, we well first have 
to construct an orthonormal basis. We take again a (/3-basis {Xi, Yi = ipXi, £}, i = 1, . . . , n, such that 
Xi G V h (X) and Y % e V h (-X). We then define 

X = ^=Xi, Y = ^Y Z1 

where 7 = 2 ^±j A . We know that 7 > because \I M \ < 1 and that ± = - 2 ^i-j A . Therefore, {X^Yi, £} 

is a 0-basis with Xi £ T>h(\) and Yi £ T>h(— A). Let us notice that g(Xi, Xi) = — 1 and that g(Xi, Xi) = 1 
for alii € {1, . . . , n}. Thus by the definition of the Ricci tensor 



n 

(3.27) mc(X, Y) = J2(-g(R(X, X~A Y ) + 9(R(X, Y)Y U Y)) + g(R(X, Y). 

1=1 
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Using now equation (|3.19|) . we have that 



+ V^9(X, Xi)g{X h Y) + (V 3 ^ - 3)g{X, Yi)g{%Y), 



g(R(X,Y t )Y t ,Y) = -*—g(X,Y) + - lj r)(X)r)(Y) + X_g( hX ,Y) 

+ (V=5 - 3)g(X, Xi)g(Xi, Y) + y/=ag{X, YfigfaY), 

g(R(X, Y) = -g(X, Y) + n{X) V {Y), 

which substituting in (|3.27p gives us p.20j) . □ 

Remark 3.5. It is worth noticing that the first three tensors that appear in equations Q3.16[) and (|3.19p 
are well-known because a Sasakian space form (AT, 4>, £, rj, g) of constant </>-sectional curvature has the 
following curvature tensor (cf. [7]): 

R(X,Y)Z = C -^(g(Y 1 X)X-g(X,Z)Y) 

+ °-^{g{X, <t>Z)4>Y - g(Y, 4>Z)4>X + 2g(X, <t>Y)<j>Z) 

+ £^l(^(x)77(z)y - v (Y)v(z)x + 9 (x, z)n<y)z - 9 (y, z) v (x)£) 

These tensors are sometimes denoted (cf. [1] ) as R\ , R2 and R3 and the writing of the curvature tensor 
simplified to 

c + 3 c— 1 c — 1 
R = — R i + — R z + — R i- 

By the previous theorem, we can now compute the sectional curvature: 

Corollary 3.6. Let (M,ip,£,T},g) be a non-Sasakian contact metric (k, fj,)-space such that Im =/= ±1. 

(i) If \Im\ > 1, the sectional curvature of the Sasakian structure that M admits, defined as in (|3.4[) . 
is: 

(3.28) 

f 1 if X = £ or Y = f , 

K(X,Y)=\ ifX,Y€T(V h (\))orX,Y€T(V h (-X)), 

{ (eV^ - 3)g(X, 0Y) 2 if X e r(£> h (A)), K G r(C h (-A)) orle T(V h (-X)),Y e r(2? h (A)), 

where X and Y are mutually orthogonal, unit vector fields with respect to g. In particular, the 
4>-sectional curvature is given by 

K(X,<j)X) = y/a- 3 

ifXeT(v h (\)) orXer(v h (-\)). 

(ii) If \Im\ < 1, the sectional curvature of the paraSasakian structure that M admits, defined as in 
([33]) . is: 

(3.29) 

f -1 ifX = £ orY = £, 

K(X,Y)=l -V=Z „ ifX,YeT(V h (X))orX,YeT(V h (-X)), 

( -(V^-3)s(x,0r) 2 if x er(v h (x)),Y er(v h (-x)) or x e r(2? h (-A)),y e r(x> h (A)), 

where X and Y are mutually orthogonal, unit vector fields with respect to g. In particular, the 
<p-sectional curvature is given by 

K{X,4>X) = -(•/=£* -3) 
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ifX G r(C fc (A)) or X e r(2? fc (-A)). 
Proof, (i) By direct computation using equation (|3.16|1 . 

(ii) As g is a semi-Riemannian metric, we first have to check that the plane fields considered in (|3.29[) 
are non-degenerate, i.e. g(X,X)g(Y,Y) - g(X,Y) 2 ^ 0. Notice that for any X <E r(D h (\)) and Y <E 
IW-A)), 

= - 2 ~^± 2A g(X,X) < 0, g(Y,Y) = - 2 ~p 2A g (y,y) > 0, 

hence no vector field which is tangent to the distributions T>h(X) and T>h(—X) is ^-isotropic. Furthermore, 
T>h(X) and T>h(— A) are ^-orthogonal. Consequently one finds that all the above 2-planes {X, Y} are non- 
degenerate if X € T(V h {±\)) and Y G r(X> h (=FA)). Whereas, if Af,Y e r(X> /l (±A)) one has 

flf(X, X)fl(r, F) - g(A, Yf = (- 2 ~^± 2X ^ 2 (. 9 (A, X)g(Y Y) - F) 2 ) 

g(X, X)gfo - g(A, £) 2 = - 2 — ^^(A, X) 

V — a 

so that also in these cases the 2-planes {X, Y} and {X, £} are non-degenerate. Therefore, all the above 
2-planes are non-degenerate and it makes sense to compute the sectional curvature for such 2-planes. 
The rest follows straightforwardly from the formula (|3.19p . □ 

We now discuss some consequences of Theorems 13.11 and 13.41 First notice that (13.171) implies that 
the metric defined in (|3.4[) is Sasaki-Einstein if and only if —en^/a + In + 2 = 0, which is equivalent to 
requiring that Im > 1 and 

(3.30) (2-/i + 2A)(2-/i- 2A) = 4 ( 1 + 1 



n / 

Notice that when Im < — 1 the structure can never be Einstein. Analogously, by (|3.20[) one has that the 
paraSasakian metric defined in (|3.5|) is Einstein if and only if n^J—a — 2n — 3 = 0, which is equivalent to 



2 



(3.31) (2-// + 2A)(2-//-2A) = - 

V n / 

In particular we deduce the following corollary. 

Corollary 3.7. The tangent sphere bundle T\N of any space form N of constant sectional curvature 
c ^ 1 admits a canonical rj-Einstein Sasakian metric g or paraSasakian metric g, according with the 
circumstance that c > or c < 0, respectively. The Ricci tensors of such metrics are then given by 

(3.32) Ric = 2(2nVc- l)g + 2(-2nVc + n + l)r? ® r), 

(3.33) Ric = (-4nV^c + 3)g + {An^J~c - 2n - 3)ry <g> r), 



where dim(A) = n + 1. Moreover, g is Einstein if and only dim(A^) > 2 and c = t (l + , and g is 



l 



Einstein if and only if c — (1 \- . > • 

Proof. The tangent sphere bundle T\N of a Riemannian manifold N of constant curvature c ^ 1 is a 
non-Sasakian contact metric (k, /i)-space with k = c(2 — c), fi — —2c (cf. §[2]). Since Im = h— c| one nas 
that if c > (c 7^ 1) then Im > 1 and if c < then —1 < Im < 1. Thus, according to the circumstance 
that JV has positive or negative sectional curvature, respectively, we can apply (i) or (ii) of Theorems 
3.11 and 13.41 and we can conclude that T\N admits an ?7-Einstein Sasakian or paraSasakian metric. The 
expressions (|3.32j) and (|3.33|) for the corresponding Ricci tensors then follow respectively from (|3.17[) and 
(|3.20|) . taking into account that in this case e = 1 and a = 16c. Finally, the last statement easily follows, 
noting that one has to assume that dim(iV) > 2 since otherwise c = 1. □ 
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Remark 3.8. In [6] Blair proved that the standard contact structure on the tangent sphere bundle of 
a compact Riemannian manifold of nonpositive constant curvature cannot be regular. Since regularity 
depends only on the underlying Reeb vector field and the topological structure of the manifold, we 
conclude that, under the assumption of compactness of the base manifold, all the 77-Einstein paraSasakian 
structures on tangent sphere bundles stated in Corollary 13.71 are not regular. 

It is well known that in any Sasakian manifold the Reeb vector field determines a transversely Kahlcr 
foliation, i.e. a Riemannian foliation whose transverse geometry is locally modeled on a Kahler structure. 
Such a foliation is usually called the Reeb foliation and denoted "Fg. Since J 7 ^ is a Riemannian foliation 
we can use the O'Neill equation relating the Ricci tensor of the Sasakian manifold (M, tfi, £, 77, ~g) and the 
Ricci tensor of the space of leaves (cf. [22j Proposition 1.7]): 
(3.34) 

m£(X',Y')oir = mS(X,Y) - - (g(V x T^,Y) + g(X,V Y T s O) +2Y / g(A x X i ,A Y X i ) + g(T ( X,T^Y), 

i=\ 

for any X', Y' local vector fields on the leaf space. Here A and T are the O'Neill tensors associated to 
the foliation J 7 ^ (cf. [36, p. 49]), 77 is a local Riemannian submersion defining J 7 ^, {X\, . . . , Xi n } is a local 
orthonormal basis of the contact distribution and X, Y are the unique local vector fields tangent to the 
contact distribution 7r-related to X', Y' , respectively. As J 7 ^ is totally geodesic one has that T vanishes 
identically. Moreover, since A X Y = -A Y X = ±[X,Y] M , ([3341 reduces to 

^ In 

Rk'(X', Y') o 77 = Rk(X, Y) + - J^gMX, v([Y, Xi])£) 

i=l 
In 

= Rk(X, Y) + 2 ]T g($X, X^Y, X t ) 
1=1 

= Ttic(X, Y) + 2g{4>X, 4>Y). 
Since (M, cf>, ^, ij, g) is 77-Einstein with Ricci tensor given by (|3.17l) we conclude that 
(3.35) Ric' = eny/ag' = tn\J (2 — pt) 2 — 4(1 — n)g' , 

where, as usual, e denotes the sign of Im ■ Thus we have proved that the space of leaves of any (k, /j)-space 
such that \Im\ > 1 admits a Kahlcr-Einstein structure with positive scalar curvature 2n 2 y / a if Im > 1 
and with negative scalar curvature — 2n 2 y / a if Im < — 1- It can never be Calabi-Yau because a cannot 
vanish since Im =/= ±1- This is another geometric interpretation of the sign of the Boeckx invariant of a 
(k, /j)-space. 

The geometric behavior of the (k, /i)-space in the positive case seems to be very different from the 
negative one. In fact, when Im > 1 we can apply two theorems of Tanno ([33]) getting the following 
result. 

Corollary 3.9. Every contact metric (/t, fi)-space (M,ip,{ r ,r],g) with Im > 1 admits a Sasaki- Einstein 
metric compatible with the contact form rj. Moreover, if M is compact, then its first Betti number 
vanishes. 

Proof. By |33[ Proposition 5.3] we know that any ?7-Einstein K-contact metric such that a is constant and 
is greater than —2 can be 2?-homothetically transformed in an Einstein metric. Here a is the function 
appearing in the ?7-Einstein condition (|2.4[) . Moreover, under the further assumption that M is compact, 
bi(M) = ((33j Theorem 5.2]). Then the statements follow from Theorem 13.41 and the above remark 
that in our case a > — 2 if and only if Im > 1- □ 
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Remark 3.10. The topological obstruction stated in Corollary 13.91 improves the previously found restric- 
tion on the first Betti number of a (K,/i)-space satisfying \Im\ > 1 that bi(M) must be an even number 
(|16jV More in general, a further obstruction to the existence of a Sasakian Ty-Einstein metric is that 
the first Chern class of the contact distribution must be a torsion class ( |131 p. 187]). This, together 
with Theorem 13.41 gives another obstruction to the existence of a contact metric (k, /i)-structure with 

|/m|>1- 

Similar considerations can be done for the paraSasakian case, that is when \Im\ < 1. In such a case 
the Reeb foliation turns out to be transversely paraKahler and the paraSasakian metric g locally projects 
to a paraKahlcr-Einstcin metric on the leaf space with Einstein constant 1 — ny— a. In particular, the 
Reeb foliation is transversely para-Kahler Ricci-flat if and only if \J— a = —. The last is a "key value" 
according to the following theorem. 

Corollary 3.11. Let (M,ip,^,r/,g) be a contact metric (n, /i) -space such that \Im\ < 1- If 

(3.36) (2- A t + 2A)(2-/i-2A) ^ —\ 
then M admits a paraSasakian- Einstein structure. 

Proof. By [381 Theorem 4.8] we know that every paraSasakian 77-Einstein manifold of dimension In + 1 
whose scalar curvature is different from 2n, admits a paraSasakian-Einstein structure obtained by a T>- 
homothetic deformation. Since in our case, by Theorem 13.41 the scalar curvature of (M, g) is given by 
2n(2 — nV-a), the assertion easily follows. □ 

Corollaries 13.71 13~9l and 13.111 give the following consequence on tangent sphere bundles. 

Corollary 3.12. Let N be a space form of constant sectional curvature c and dimension n+1. 

(i) If c > 0, c ^ 1 then the tangent sphere bundle T\N carries a Sasaki-Einstein metric. 

(ii) If c < 0, — then the tangent sphere bundle TiN carries a paraSasakian-Einstein metric. 

On the other hand, for the case lu < — 1 we can state the following result, which is a consequence of 
Theorem EZ] and [El Corollary 24]. 

Corollary 3.13. Every contact metric (n, fi)-space with Im < —1 admits a Lorentzian Sasakian-Einstein 
structure. 

Let us recall (cf. [4], |llj ) that a Lorentzian Sasakian manifold is a Lorentzian manifold {M,g) of 
dimension 2n + 1, endowed with a time-like vector field £ with <?(£,£) = —1, such that the tensor field 
(j) = -V£ satisfies the conditions 4> 2 X = -X - g(X,£)£ and (Vx4>)Y = g(Y,£)X - g(X,Y% If, in 
addition, the Lorentzian metric g is Einstein, the manifold is said to be Lorentzian Sasakian-Einstein. 

Another consequence in the case Im > 1 deals with the notion of Weyl structure. Recall that (cf. 
|14j ) a Weyl structure on a manifold M of dimension m > 3 is defined by a pair W — ([5],!?), where 
[g] is a conformal class of Riemannian metrics and D is the unique torsion-free connection, called Weyl 
connection, satisfying 

(3.37) Dg = -26®g. 

for some 1-form 9. Then (M, [5],!?) is said to be Einstein- Weyl if there exists a smooth function A on 
M such that 

(3.38) Ric D (X,Y)+Ric D {Y,X) = Ag(X,Y), 

where Kic D denotes the Ricci tensor with respect to the connection D. Since the condition (|3.37j) is 
invariant under Weyl transformations g' = e 2 fg, 6' = 9 + df, with / G C°°(M), one sometimes abuses 
the terminology by choosing a Riemannian metric in [g] and referring to the pair W = (g, 9) as a Weyl 
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structure. The existence of Einstein- Weyl structures on almost contact metric manifolds have been 
recently investigated by several authors ([21], [21], [29]). 

Now as a consequence of Theorem 13 .41 and [T31 Corollary 62] we get the following result. 

Corollary 3.14. Every non-Sasakian contact (n, [i)-space of dimension 2n + 1 > 5 such that Im > 1 
admits an Einstein- Weil structure W = (g',9), where 9 = rr), r G M, and g' is a Sasakian metric 
T> -homothetic to that defined by (|3.4j) . Furthermore, if 

(3.39) (2- /i) 2 - 4(1 - k) 4 j I -1 ' 

then g' belongs to the conformal class ofg. 

Proof. In [ 151 Corollary 62] it was presented a necessary and sufficient condition for a K-contact manifold 
(M, f, £, -q, g) of dimension greater than 3 to admit an Einstein- Weil structure W — {g, 9), with 9 = r-q, 
r£l. Such condition is that M is 77-Einstein with Einstein constants a, b such that b < 0, which by 
(|3.17[) it is easy to see occurs if and only if e = 1, that is Im > 1, and the inequality (I3.39|) holds. Now 
let us apply a 2? c -homothetic deformation 

w' := ip, £' := rf :— en, g' :— eg + c(c - 1)77 ® 77, 

c 

where c is any real number chosen so that c < According to Remark 13.31 (tp' , 77', g') is still a 

(k! , /i')-structure, with k' and p! given by (|2.11[) , whose associated Sasakian structure ((£>' , ,rf ,g') is in 
turn 2? c -homothetic to the Sasakian structure (4>,t;,ri,g) associated to ((p, £,77, g). Now, since a' = -^a 

and c was chosen in such a way that c < ^ we have that 

%/o7 = > 4 > 2 ( 1 + - 

c \ n 

Thus, according to Theorems 13. 4[ g' is an 7/-Einstein Sasakian metric such that the second Einstein 
constant is negative. Consequently, we can apply p~3j Corollary 62] and conclude that M admits an 
Einstein- Weil structure W — (g',9), where 9 = r'rj = ct'tj, t' € M. Clearly, if the further assumption 
(|3.39[) is satisfied there is no need to apply a D-homothetic deformation and the final assertion of the 
theorem follows. □ 

Furthermore, by a similar reasoning to the the proof of Corollary 13 . 1 41 and by using now [131 Theorem 
63] (or [24l Theorem 1]) we get the following result. 

Corollary 3.15. Every non-Sasakian contact (n, fj,)-space of dimension 2n + 1 > 5 such that Im > 1 
admits both the Einstein-Weil structure W + = (g',9) and W~ = (g',—9), for some 1-form 9, where g' 
is a Sasakian metric T> -homothetic to the canonical Sasakian metric g defined by (|3.4I) . Moreover, if the 
inequality f|3 .39[) holds then g' belongs to the conformal class ofg. 

Taking into account that for the tangent sphere bundle of a Riemannian manifold N of constant 
sectional curvature c one has (2 — /i) 2 — 4(1 — k) = 16c, we can state the following theorem. 

Corollary 3.16. Let T\N be the tangent sphere bundle of a space form N of constant sectional curvature 
c> 0, c =/= I, such that dim(A^) = n + 1 > 2, and let (g, £, 77, <p) be the Sasakian metric on T\N stated by 
Theorem \3.4\ where £ is twice the geodesic flow. Then 

(i) T\N carries an Einstein- Weil structure W = (g',9), where 9 = rrj for some r € K and g' is a 
Sasakian metric V '-homothetic to g. 

(ii) T\N admits both the Einstein-Weil structure W + = (g",9) and W~ = (g" , —9), for some 1-form 
9 not necessarily proportional to r\, where g" is a Sasakian metric V -homothetic to g. 
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Furthermore, if the inequality 

(3.40) c > \ (l + \ 

holds then the metrics g' and g" stated in (i) and (ii), respectively, belong to the conformal class ofg. 

We close the section with a remark concerning the case \Im\ < 1. By [201 Theorem 5.6] every contact 
metric (re, /x)-space (M, (p> £, t], g) such that \Im\ < 1 carries a canonical sequence (ip n ) n eN of contact or 
paracontact metric structures defined as follows: 

(3.41) ip := ip, <pi := 1. £^<p , <Pn ■= j= = = = C$ip n -u n>2. 

By defining 

{—dn{-, f n ) + i] (£> rj, if n is even 
dn(-,(f n -) + 77 (8> 77, if n is odd 

one can prove that, for each n > 1, (y n , £, 77, <? n ) is a contact metric (k„, /i„)-structure if n is even and a 
paracontact metric (re n , /i„)-structure if n is odd, where 

{re + (l — , if Ti is even 

K-2+(l-f) , if 77 is odd 

and fi n — 2. In fact, by using (|2.12l) . one can see that y>2n = </?2 and <^2n+i = V?i f° r an y w > 1. 

Since by assumption the Boeckx invariant of the starting contact metric (re, /j)-structure (ip, £, 77, g) 
satisfies \Im\ < 1, we can apply Theorems 13. II I3~4l so that M carries a canonical 77-Einstein paraSasakian 
metric (^,£,77, <?). On the other hand the same condition is satisfied also by the Boeckx invariant of the 
contact metric (re 2n , /J2n)-structures for any 77 > 1, since fi n — 2. Thus, applying again Theorems I3.1H3.41 
M carries an 77-Einstein paraSasakian structure {4>2n, £j ?7,52n) for each n > 1. Actually we will prove 
that (4>2n,£,,Vy9'2n) = (^>i £j ?7) that is the paraSasakian structure (4>,£,T],g) stated in Theorem 13. II is 
invariant under the canonical sequence (|3.41|) . Indeed it is enough to check this for 77 = 2. We have that 

' = ^===L===== ((2 - f i)tph + 2(1 - K )tp) . 




^4(1 - «) - (2 - m) 2 v/(l-/s)(4(l-«)-(2-M) a ) 



and taking into account the fact that re 2 — K + (l — §) 2 j ^2 = 2, one has 



((2-/^2)^2 + 2^2^2)= 1= = = =2^2^-2 



v/4(l - « 2 ) - (2 - /J 2 ) 2 ^4(1 - «) - (2 - /x) 

7p7 ([201 P- 275]), formula (f3T42]) becomes 



A(2- /J )VW 2 ; 3 2A V /T^7 



2 



(p a + "" v t " M -y>fo = -== ((2 - + 2(ph) = 4>. 



-a 

Therefore 4>2 = 4> and, as the contact form is the same in both structures, we also have that §2 = g. 

4. (re, /j)-STRUCTURES ON K-CONTACT AND K-PARACONTACT MANIFOLDS 

In this section we study the converse, in some sense, of Theorem 13.11 Namely we find sufficient 
conditions for a Sasakian or paraSasakian manifold to admit a (re, /_t)-structure compatible with the same 
underlying contact form. This will also allow us to give a geometrical interpretation of the Sasakian 
and paraSasakian metrics defined by (|3.11j) and (|3.13|) . respectively. Actually we will show that the 
assumption of normality is too strong, so that one can at first assume the manifold to be K-contact or 
K-paracontact. 
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Recall that a Legendre foliation (cf. [7]) on a contact manifold (M, rf) is nothing but an integrable n- 
dimensional subbundle of the contact distribution. Legendre foliations have been extensively investigated 
in recent years from various points of views. In particular Pang ( 30 ) provided a classification of Legendre 
foliations by means of a bilinear symmetric form Hjr on the tangent bundle of the foliation J- . defined by 

LV (X, X') = - {CxCx-ri) (0 = 2d»j(K, X],X r ). 

He called a Legendre foliation non-degenerate, degenerate or flat according to the circumstance that the 
bilinear form Hjr is non-degenerate, degenerate or vanishes identically, respectively. For a non-degenerate 
Legendre foliation J 7 , Libermann (|27j) defined also a linear map Aj- : TM — > TJ 7 , whose kernel is 
TT Rf , such that 

(4.1) Xl T {k T Z,X) = di 1 {Z,X) 

for any Z G T(TM), X £ L(TJ"). The operator Ajr is surjective and satisfies (Ajr) 2 = and 
(4-2) Ar[Z,X] = lx 

for all X £ r(TJ r ). Then one can extend LTjf to a symmetric bilinear form defined on all TM by setting 

tt ( 7 7 '\ ._ J u r(z, z>) if z, z' e r(Tj-) 

M ' > ■ \ njr(AjrZ,AjrZ') otherwise. 

Now let (M, ip, f , n, g) be a non-Sasakian contact metric (k, /x)-space. Being n-dimensional integrable 
subbundles of the contact distribution, the eigenspaces of h, T>h{\) and !?/,(— A), define two mutually 
orthogonal Legendre foliations on M, where we recall that A = — n. Such a foliated structure of a 
(k, /i)-space was studied in 16 . In particular, more explicit formulas for the Pang invariants of T>h(X) 
and P/j(— A) were found, namely 

(4.3) n » h (A) = (2 - /x+ 2A)g| IMA)xX , h(A) , n Ph( _ A) = (2 - /x - 2A)g| IM _ A)xX ,, i( _ A) , 

from which it follows that 2\(A) and T>h{— A) are both non-degenerate if and only if 7m 7^ ±1. 
Let us assume that \Im\ > L By using (|4.3[) and (|3.11|) one has, for all X,X' € r(I>/ l (A)), 

nx, ft(A) (X, X') = (2 - M ).g(X, X') + 2.g(AX, X') 

= (2 -n)g{X,X') + 2g(hX,X>) 

= ey/ag{X,X'), 

where a = (2 — /i) 2 — 4(1 — k) and e is the sign of Im, according to the notation of § |3l Analogously, for 
a]lY,y'er(2> h (-A)): 

U Vh( _ x) (Y,Y') = (2-rig(Y,Y') + 2g(-\Y,Y') 
= (2- f i)g(Y,Y / ) + 2g(hY,Y r ) 
= eV^9(Y,Y'). 

Whereas, if \Im\ < 1 one has 

Th hW (X,X') = -y/=ag{X,X'), Yl Vh{X) (Y,Y') = -V^g(Y,Y'). 

Therefore, geometrically the Sasakian metric g in the case \Im\ > 1 an d the paraSasakian metric g in the 
case \Im\ < 1 represent, up to a constant factor, the Pang invariant of the foliations T>h(X) and T>h{— A) 
when restricted to the leaves. Moreover, notice that since T>h(X) and T>h(—X) are totally geodesic foliations 
([SI Proposition 3.7]) and because of (|3.15[) and (|3.18j) . they are still totally geodesic with respect to g 
and g. 

Now we prove that the above properties determine uniquely the contact metric (k, /it)-structure. 
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Theorem 4.1. Let (M, <f>, £ , rj, g) be a K-contact manifold endowed with two totally geodesic, mutually 
orthogonal Legendre foliations T\ and T%. Assume that 

(4.4) 11^ = eVabgl^xJ^i, Uj^ 2 = eVabg\jr 2x:F2 

for some real numbers a and b such that a ^ b and a ■ b > 0, where 



c = 



1, ifa>0, b>0 
-1, ifa<0,b<0. 



Then M admits a contact metric (n a ,bi (J-a.b)- structure (y> a ,bi £) 9a,b), compatible with the original contact 
form rj, where 

(a — b) 2 a + b 

(4-5) K a , b = 1 - V 16 > , (, a<b = 2-—. 

Furthermore, (M, <j>, £, rj, g) is Sasakian and n-Einstein with Ricci tensor 
(4.6) Ric= (enVab- 2)g+ (-enVab + 2n + 2)n <Z> rj. 

Proof. First notice that, since T\ and T% are mutually g-orthogonal, <\>TT\ C TJ r 2 and 4>TJ 7 2 C TT\. In- 
deed let us fix X € r(TJ r 1 ). Then for any X' € r(TJ r 1 ) one has g(<j>X, X') = -dr](X, X') = \n{[X, X']) = 
since T\ is a Legendre foliation. Moreover, obviously g(4>X, £) = 0. Consequently, since by assumption 
(TF\ © = TJ-2, we conclude that cj>X g T(TJ r 2). In a similar way one can prove the other relation. 
Now, taking into account the decomposition of the tangent bundle of M as TM = TT\ © TTi © K£, let 
us define a (1, 1) -tensor field ip a ,b and a Riemannian metric g a ,b on M by 



on TTi yj^g, on TT\ x TT\ 

( 4J ) <Pa,b : = \ ^/f "6, on TT 2 9a,b ■= < v /|^ j on TT 2 x TJ" 2 

0, on R£ [ 77 ® n, otherwise 

and extend it by linearity. A straightforward computation shows that tp 2 b = —I + n ® £ and 
9a,b(}Pa,b'i ¥a,b') = 9a,b — rj ® n. Let us check that (ip a ,b, £, "H, ga,b) is a contact metric structure, i.e. 

(4.8) dr 1 (X,Y)=g atb (X,<p ajb Y) 

for all X, Y e T(TM). If either X or Y belongs to R£, (|4.8|l is trivially satisfied, both sides being zero. 
Let X,Y e L(TJ"i). Then dn(X, Y) = —%r)([X,Y]) = because J 7 ! is a Legendre foliation. On the other 

hand, since 4>Y £ T(TT 2 ), then ffa , b (X, <p a>b Y) = ^g a . b (X,4>Y) = yJhq{X)^Y) = = dn{X,Y). 

Analogously, if X,Y € T(TT 2 ), then g a , b (X, <j>Y) = = dr/{X, Y). It remains the case when X e T{TF\) 

and y € r(TJ" 2 ). In that case by using (j4~7|) one has 5a , 6 (A, <^ b y) = y^^g(X,4>Y) = g(X,4>Y) = 

dr)(X,Y), since ((j>,£,T],g) is a contact metric structure. Notice that, directly by the definition of g a , b , 
T\ and T 2 are (^-orthogonal, so that the tensor field ip a>b also maps TT\ on TT 2 and TT 2 on TJ 7 !. 
Finally we prove that (M,tp a , b ,£,r},g a ,b) is a (k, /x)-space. First of all, we compute the operator h a ,b of 
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the contact metric structure (ip a ,b, f?, 9a,b)- We have, for any X £ r(TJ r i), 
2h atb X = [t,(p a , b X]-(p atb [Z,X] 



(4.9) 




where we have used the K-contact condition h — and we have decomposed the vector field [£,X] 
according to the decomposition TM = TT\ © TTi © R£. In particular, from (|4.9[) it follows that h ayb 
maps TT\ on TT\. Now we use the assumption (|4.4[) for finding a more explicit expression for the 
Liberman map : TM — > TT X . By using dHJ) we have, for any X e Y{TT X ) and Z € T(TM), that 



eVabg(A ri Z,X) = n^(A^Z,X) = dr,(Z,X) = g(Z,0X) = -g{X,cf>Z), 
from which it follows that 

(4.10) A^Z=-e-L=(<^W 

V ao 



Then, by using (|4!2|) and f|4.10j> . we get 

(4.11) X})^ = -eVabA^ [£, X] = -e^-X. 



Therefore, due to (|4.11j) . formula (|4.0[) becomes 




since e|a| = a and e|6| = 6. Due to h a ,bfa,b = —fa,bh a ,bi from (|4.12l) it follows that 
(4.13) h a , b Y = 

for any Y € r(TJ r 2). Thus we have proved that the tangent bundles of the foliations T\ and T% coincide 
with the eigendistributions of h a ^ b corresponding to the constant eigenvalues ±\ a ^ b: where \ a . b '■= ^~^ L - 
Let V bl be the bi-Legendrian connection associated to (J- 1,^2) (cf. [H])- By definition V fc ' is the unique 
linear connection on M such that the following conditions hold: 

(i) V bi J"i C F\, V M J 2 CJ 2 

(ii) V bl ri = 0, V bl dri = 0, 

(iii) T bl (X,Y) = 2dr](X,Y)Z for any X G T(TTi), Y e T{TF 2 ), 
T bl (Z, = K, ZjrJ^ + [£, Z^ for any Z e T(TM), 

where T fc ' denotes the torsion tensor field of V fc '. Actually, because of the integrability of TT\ and TF2, 
one has immediately that T bl {X,X') = = 2dr](X,X')£ for any X, X' € r(TJ r i) and T bl {Y,Y') = = 
2dr)(Y, Y')£ for any y,Y' € T(TJ r 2). Thus the first identity in (iii) holds for any two vector fields on 
the contact distribution. Moreover, since T\ and are assumed to be totally geodesic with respect to 



24 B. CAPPELLETTI MONTANO, A. CARRIAZO, AND V. MARTIN-MOLINA 

g, due to [TT1 Proposition 2.9], we get that V bl (j> = 0. Then, because of (i) and (|4.7j) . one has that V bl 
preserves also ip ai b- Next, as dr\ = g a ,b{', ifa,b')> after a straightforward computation one obtains 

<y%g a ,b)(z', z") = -(v b <d v )(z>, ^ b z") - d v (z>, (v%<p a , b )z") + V (z")(v b h)(z') + v (z')(v b iv)(z") 

for all Z, Z' , Z" e T(TM). Since V bl preserves rj, drj and (p a ,b, the above equation implies that V bl g a ,b = 0. 
Finally (i) and (|4. 1 2^ — (|4. 1 3[) easily ensure that V w preserves also the tensor field h a ,b- Therefore the bi- 
Legendrian connection V h ' defined by the foliations T\, satisfies all the conditions required by [1T?I 
Theorem 4.4] and we can conclude that (<p a ,b,(,,V-i 9a,b) is a (k, /i)-structure. In order to find explicitly 
the constants k and /i (which of course will depend on a and b) we notice that, since ITj^ is an invariant 
of the Legendre foliation the two expressions for II^ in (|4. 3[) and (|4.4|) have to coincide. We thus 
have, for any ^ X e r(TJ r 1 ), 

(2 - n a>b + 2\ a , b )g aib (X, X) = eVa~bg{X, X) = e\a\g a>b (X, X) = ag a<b (X, X). 

Thus 

(4.14) 2 - Li a ,b + 2X a .b = a. 
Arguing in a similar way for T% one gets 

(4.15) 2 - Li a ,b - 2X a . b = b. 

Then by using (|4. 14[) — (|4. 15p we get the values (|4.5[) for n a ,b and /i a ,b- It remains to prove the last part 
of the statement. From (|4.7[) and (|4.14|) - (|4.15p one nas immediately that for any X, X' e r(TJ r i) 

g(X,X') = ^-g a , b (X,X') 

9a,b{X,X') 



ab~ 

((2 - Ha,b)9a,b( X > X ') + 25a,b(A a , 6 X, X')) 

((2 - ii a ,b)g a , b {X, X') + 2g a , b (h a , b X 1 X')) . 

Vl^ - V>a,b)' - 4(1 - K a .b) 

Similarly, one has that 

m Y') = = m ((2 - ^b)g a .b(Y, y') + 2g a . b (ha,bY, Y')) 

^/(2-H a , b ) 2 -4(1 -K a ,b) 

for any Y, Y' E r(TJ r 2). Consequently, as TT\ — T>h a b (^a.b) and TTy. = T>h a b (—X a .b), we see that the 
metric g coincides with the Sasakian metric defined by (13. lip . Then g is also 77-Einstein with Ricci tensor 
(14.61) because of Theorem 13.41 □ 



V( 2 - 


Ma,fc) 2 -4(1- 


l 

Ka.b) 




1 


( 


V(2- 


Ma,fc) 2 -4(1- 


Ka.b) 




1 




V(2- 


- /x a , fe ) 2 - 4(1 - 


~ K a ,b) 



Notice that each contact metric (n a ,b, ^ a ,fc)-structure (<p a ,b, £j 7 h 9a,b) of the family stated in Theorem 
14.11 has a Boeckx invariant whose absolute value is strictly greater than 1 . Indeed from (|4.5[) it follows 
that 

T a + b 

1m = i u\- 

\a - b\ 

Finally, we will examine the paracontact case. 

Theorem 4.2. Let (M, <j), £, 77, g) be a K -paracontact manifold endowed with two totally geodesic, mutually 
orthogonal Legendre foliations T\ and T2, such that g\jr lX:Fl is positive definite and g\^ a x^ a * s negative 
definite. If 



(4.16) 11^ = -V-abg\jr lX jr iy Uj^ 2 = -V ' -abg\jr 2Xj r 2 
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for some real numbers a and b such that a b and a ■ b < 0, then M admits a contact metric (k,/i)- 
structure (<p a ,b, £> ?7> 9a,b)> compatible with the original contact form rj, where 

,, , B , (a - b) 2 a + b 

(4.17) k=1-- — , u = 2 . 

1 ' 16 ' P 2 

Furthermore, (M, <j), £, r], g) is paraSasakian and r]-Einstein with Ricci tensor 



Ric = (—ny/—ab + 3)g + (ny—ab — 2n — 3)r/ <£> r\. 



Proof. The proof is very similar to that of Theorem 14.11 the only difference is the definition of the 
structure tensors ip a ^ and g a ,b, which now are given by 

t-l-lM <Pa,b~{ ^^4>, onTJ 2 9a, b :=l -*^&g, onTJ 2 xTJ 2 

I rj ® 77, otherwise 

The extra-assumption that gl^x^i is positive definite and g\j? 2 x.j? a is negative definite ensure that the 
symmetric tensor g a ^ defined by (|4. 18|) is a Riemannian metric. The rest of the proof goes as in Theorem 
14.11 once one notices that [T71 Proposition 2.9], which is used for proving that (<p,£,r],g) is a (/^AO- 
structure, straightforwardly holds also in the context of paracontact metric geometry. □ 
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